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CLASSICAL IWASAWA THEORY AND INFINITE DESCENT ON A FAMILY OF
ABELIAN VARIETIES
JOHN COATES, JIANING LI, YONGXIONG LI
Abstract. For primes q ≡ 7 mod 16, the present manuscript shows that elementary methods enable
one to prove surprisingly strong results about the Iwasawa theory of the Gross family of elliptic curves
with complex multiplication by the ring of integers of the field K = Q(
√−q), which are in perfect accord
with the predictions of the conjecture of Birch and Swinnerton-Dyer. We also prove some interesting
phenomena related to a classical conjecture of Greenberg, and give a new proof of an old theorem of
Hasse.
1. Introduction
While there has been great progress on the analytic side of Iwasawa theory over the last forty years,
little progress has been made on some of the important concrete classical questions of Iwasawa theory and
their connexion with descent theory on abelian varieties. The aim of the present paper is to establish
some new results in this direction by surprisingly elementary methods. Throughout, q will denote a
prime such that q ≡ 7 mod 8, and we let K = Q(√−q). Write OK for the ring of integers of K, and h
for the class number of K. The prime 2 splits in K, and we put 2OK = pp∗. By class field theory, K has
a unique Z2-extension K∞ (resp. K
∗
∞) which is unramified outside p (resp. p
∗), and p (resp. p∗) is then
totally ramified in K∞ (resp. K
∗
∞), since h is odd. Moreover, we let K∞ = K∞K∗∞ be the composite
of all Z2-extensions of K. If R is any algebraic extension of K, we define L(R) to be the maximal
unramified abelian 2-extension of R, and M(R) (resp. M∗(R)) to be the maximal abelian 2-extension
of R, which is unramified outside the primes of R lying above p (resp. above p∗). We also define
(1.1) R∞ = RK∞, R
∗
∞ = RK
∗
∞, R∞ = RK∞.
Noting that obviously M(R) (resp. M∗(R)) contains R∞ (resp. R
∗
∞), we define
(1.2) X(R) = Gal(M(R)/R∞), X
∗(R) = Gal(M∗(R)/R∗∞), Y (R) = Gal(L(R)/R).
Consider now the polynomial
(1.3) f(x) = x4 + q.
Our starting point will be the following four extensions of K arising from this polynomial. Let α be any
fixed root of f(x), and define
(1.4) F = K(α), F ′ = K(α
√−1), D = K(√−1), J = K(α,√−1).
Thus J is the splitting field of the polynomial (1.3), so that the primes p, p∗ have entirely similar
decompositions in J . Note also that D is Galois over Q, but that the fields F and F ′ are not Galois over
Q, only being isomorphic as extensions of Q. By the definition (1.1), X(J∞) = Gal(M(J∞)/J∞) and
X∗(J∗∞) = Gal(M
∗(J∗∞)/J
∗
∞).
Theorem 1.1. For all primes q ≡ 7 mod 16, X(J∞) and X∗(J∗∞) are both free Z2-modules of rank 1.
This result has an interesting connexion with the arithmetic of a certain abelian variety with complex
multiplication. Let H = K(j(OK)) be the Hilbert class field ofK; here j is the classical modular function
on lattices in the complex plane. Gross [11] showed that that there is an interesting elliptic curve A
defined over Q(j(OK)), with complex multiplication by OK , minimal discriminant (−q3), and which is a
Q-curve in the sense that it is isogenous to all of its conjugates. Let B/K be the h-dimensional abelian
variety which is the restriction of scalars of A from H to K. We refer the reader to [11] and [4] for a more
detailed discussion of the following basic facts about B. Let B = EndK(B), and T = B ⊗ Q, so that
T is a CM field of degree h over K. Then B is an order in T , which is ramified over OK at precisely
the primes dividing h (see [11], Theorem 15.2.5). In particular, since h is odd, the primes p, and p∗ are
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both unramified in T . Now the torsion subgroup of B(K) is OK/2OK , and the action of B on this
torsion subgroup gives an OK-algebra surjection from B onto OK/2OK , whose kernel is the product of
two conjugate primes P,P∗ of B lying above p, p∗, respectively. These primes are both unramified in
B, and have residue fields equal to the field with 2 elements F2. Now we recall that for any algebraic
extension F of K, the Tate-Shafarevich group of B/F is defined by
(1.5) X(B/F) = Ker(H1(F, B)→
∏
v
H1(Fv, B)),
where v runs over all non-archimedean places of F, and, as usual, Fv denotes the union of the completions
at v of the finite extensions of K contained in F. Thus X(B/F) is a torsion B-module, and we write
X(B/F)(P) for its P-primary subgroup. Let us also mention that B(F) ⊗Z Q has a natural action by
the field T , and thus its Q-dimension, if finite,will always be a multiple of 2h. Now, as we shall explain
in §4, we have
(1.6) J∞ = K(
√−1, BP∞), J∗∞ = K(
√−1, BP∗∞);
here BP∞ (resp. BP∗∞) denotes the Galois module of P
∞ (resp. P∗∞)-division points in B(K), where
K is the algebraic closure of K. Then, for primes q ≡ 7 mod 16, an equivalent form of Theorem 1.1 in
terms of the abelian variety B is as follows (see Theorem 4.2). We have that either B(J∞) ⊗Z Q has
Q-dimension 2h and X(B/J∞)(P) = 0, or B(J∞)⊗Z Q = 0 and X(B/J∞)(P) = Q2/Z2. An entirely
parallel result holds for B/J∗∞, but with the P
∗-primary subgroup of X(B/J∗∞). Note also that, since
the abelian variety B is defined over Q, we have B(J∞)⊗ZQ ∼= B(J∗∞)⊗ZQ as Q-vector spaces. In fact,
we show in §4, by a further purely arithmetic argument, that one can establish the following stronger
result. Recall that D = K(
√−1), so that J∞/D∞ and J∗∞/D∗∞ are both quadratic extensions.
Theorem 1.2. Assume q ≡ 7 mod 16. Then precisely one of the two following options is valid:- (i)
both B(D∞)⊗Z Q and B(D∗∞)⊗Z Q have Q-dimension 2h, and X(B/D∞)(P) = X(B/D∗∞)(P∗) = 0,
or (ii) B(D∞)⊗Z Q = B(D∗∞)⊗Z Q = 0, and both X(B/D∞)(P) and X(B/D∗∞)(P∗) are isomorphic
to Q2/Z2 as abelian groups.
However, using the complex L-series of B/D and the theory of Heegner points as in [21] , we will
point out at the end of §4 that one can in fact obtain the following result from these analytic arguments.
Theorem 1.3. For all primes q ≡ 7 mod 8, B(D) ⊗Z Q has dimension 2h as a Q-vector space, and
X(B/D) is finite.
Combing this result with Theorem 1.2, it follows that, for all primes q ≡ 7 mod 16, we have B(D) ⊗Z
Q ∼= B(D∞) ⊗Z Q ∼= B(J∞) ⊗Z Q are all Q-vector spaces of dimension 2h, and also X(B/D∞)(P) =
X(B/J∞)(P) = 0; an entirely similar assertion is valid for the fields D
∗
∞ and J
∗
∞, with P
∗ replacing P.
As a second application of our method, we shall establish the following result. We remark that, for
all primes q ≡ 3 mod 4, the class numbers of the fields K,D,F, F ′, J are all known to be odd (see
Proposition 3.6).
Theorem 1.4. For all primes q ≡ 7 mod 16, we have Y (K∞) = Y (D∞) = Y (F∞) = Y (F ′∞) =
Y (J∞) = 0, or equivalently none of the fields K∞,F∞,F ′∞,J∞ has a non-trivial unramified abelian
2-extension.
We remark that the assertion Y (K∞) = 0 proves an interesting but very special case of a classical con-
jecture of Greenberg, [9] Conjecture 3.5, and the remaining assertions of the theorem provide interesting
examples of the mystery as to why certain arithmetic Iwasawa modules are smaller than one would
expect from the basic classical theory.
In all that follows, we shall always adopt the following notational convention. By Lemma 2.6, exactly
one of the prime factors p and p∗ of 2 in K will ramify in the field F , and we shall always denote this
factor by p. The other prime factor p∗ will then denote the unique prime factor of 2 which ramifies in
the field F ′. For brevity, in what follows we shall sometimes only state a result for the field F , and leave
it to the reader to formulate the totally analogous result for the field F ′, but with the primes p and p∗
interchanged.
The proof of Theorem 1.1 makes crucial use of a weaker form of a second arithmetic phenomena
related to the fields F and F ′, which, for simplicity, we only state for F . The group of global units of F
has rank 1, and we write η for any generator of this group modulo torsion. Let v be any of the primes
of F lying above 2. Then logv(η) is well defined up to a sign; here we take the usual extension of the
2
v-adic logarithm to the group of units of the ring of integers of the completion Fv of F at v. As usual,
ordv will denote the additive valuation on Fv, normalized to that the order of a local parameter at v is
1.
Theorem 1.5. Assume q ≡ 7 mod 16. Then p is ramified in F with ramification index 2, and p∗ is
unramified with inertial degree 2 in F . We write w (resp. w∗) for the unique prime of F above p (resp.
p∗). Then, if η is a fundamental unit of F , we have
(1.7) ordw(logw(η)) = 2, ordw∗(logw∗(η)) = 3.
In fact, always assuming that q ≡ 7 mod 16, the first assertion is already shown to hold in [4] as a
consequence of the Iwasawa theory at the prime p = 2 of the abelian variety B/K, and a second very
short and elementary proof is given in [18].
2. Proof of Theorem 1.1
It follows from class field theory that M(K) = K∞, whence, since the Γ-coinvariants X(K∞)Γ of
X(K∞) is X(K), it follows from Nakayama’s lemma that X(K∞) = 0 for any prime q ≡ 7 mod 8; here
Γ = Gal(K∞/K) and Γ acts on X(K∞) as usual by lifting inner automorphisms. The goal of this section
is to compute X(R) for R = F, F ′, D, J, F∞, F
′
∞, D∞, J∞. The analogous results for the Galois groups
X∗(R) then follow from the following lemma.
Lemma 2.1. Assume q ≡ 7 mod 8. Then, as Z2-modules, we have X(J∞) ∼= X∗(J∗∞), X(D∞) ∼=
X∗(D∗∞), X(F∞)
∼= X∗(F ′∗∞), X(F ′∞) ∼= X∗(F ∗∞), X(F ) ∼= X∗(F ′), and X(F ′) ∼= X∗(F ).
Proof. We fix an algebraic closure Q of Q, and all of our relevant fields will be assumed to lie in
it. Let σ be any element of Hom(M(J∞),Q) such that the restriction of σ to K is the non-trivial
element of Gal(K/Q). Now σ(M(J∞)) is an abelian extension of σ(J∞), which is unramified outside
the primes above σ(p) = p∗. Now σ(J) = J because J is Galois over Q, and thus σ(J∞) will be a Z2-
extension of J , which is unramified outside σ(p) = p∗. Hence σ(J∞) = J
∗
∞. Thus we have an embedding
M(J∞) →֒ M∗(J∗∞) and similarly M∗(J∗∞) →֒ M(J∞). This implies σ(M(J∞)) = M∗(J∗∞) whence
σ induces an isomorphism X(J∞) ∼= X∗(J∗∞). Since we have σ(F ) = F ′, σ(F∞) = F ′∗∞, σ(D) = D,
σ(D∞) = D
∗
∞, the remaining isomorphisms in Lemma 2.1 are also induced by σ, and they can be proved
in the same way. 
Proposition 2.2. Assume q ≡ 7 mod 8. Then the modules X(F∞), X∗(F ′∗∞), X(D∞), and X∗(D∗∞) are
all finitely generated free Z2-modules. Moreover, these modules are all zero if q ≡ 7 mod 16, and are all
nonzero if q ≡ 15 mod 16.
Proof. In fact, it is already proven in [4], Theorem 3.1 that, for all primes q ≡ 7 mod 8, X(F∞) is a free
finitely generated Z2-module, and exactly the same arguments can be used to show that X(F
′
∞) and
X(D∞) are also free finitely generated Z2-modules. Also in [4], it is proved that X(F∞) = 0 for any
q ≡ 7 mod 16. The elementary arguments used in [18] show that X(F∞) is non-zero when q ≡ 15 mod 16.
By Lemma 2.1, the same assertion holds for X∗(F ′∗∞).
It remains to compute X(D∞). Noting that X(D∞)Γ = X(D), where Γ = Gal(D∞/D), it suffices by
Nakayama’s lemma to show that X(D) is zero if q ≡ 7 mod 16 and nonzero if q ≡ 15 mod 16. Clearly,
there is one prime v of D lying above p which is ramified in D/K. The class number of D is odd (see
Proposition 3.6), the local discriminant ideal of D/K at p is generated by 4 in the completion Kp = Q2,
and the group of roots of unity in D is µ4 = 〈i〉 where i =
√−1. Let ξ be a fundamental unit of D. By
a classical formula [5], whose proof we recall in the Appendix, our assertion about X(D) will follow if
we can show that
(2.1) ordp(logv(ξ))
{
= 2 if q ≡ 7 mod 16,
> 2 if q ≡ 15 mod 16.
Here logv is the v-adic logarithm, so logv(ξ) ∈ Dv; also note that logv(ξ) converges since ξ ≡ 1 mod v.
Now let D+ = Q(
√
q) be the maximal real subfield of D. Let O×D (resp. O×D+) be the group of units of
D (resp. D+). We claim that the unit index
(2.2) [O×D : µ4O×D+ ] = 2.
Let σ denote the nontrivial automorphism of the CM extension D/D+. Then the unit ξ1−σ = ξσ/ξ must
be a root of unity of D, since all the conjugates of it have complex absolute value 1. This gives rise to
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an exact sequence
1 −→ O×D+ −→ O×D
1−σ−−−→ µ4.
In particular, we have [O×D : O×D+ ] ≤ 4 whence
(2.3) [O×D : µ4O×D+ ] ≤ 2.
Let ε ∈ O×D+ be the fundamental unit of D+. Since the class number of D+ is odd as D has odd class
number, the prime of D+ lying above 2 which is ramified in D+/Q is a principal ideal (θ) of D+. It
follows that θ2/2 is a unit of D+, and it must be an odd power of ε; otherwise
√
2 would belong to
D+ which is plainly impossible. In fact by a suitable choice of θ, we may assume ε = θ2/2. Note that
θ/(1 + i) is a unit in D and that i(θ/(1 + i))2 = ε. This implies that 2 divides the unit index of (2.2)
whence by (2.3) this index is indeed 2 which proves the claimed equality (2.2). It follows that, if we
write ε = ξaib with a, b ∈ Z, we must have 2 exactly divides a. Thus, in order to prove (2.1), we need to
show that
(2.4) ordp(logv(ε))
{
= 3 if q ≡ 7 mod 16,
> 3 if q ≡ 15 mod 16.
Write θ = x + y
√
q with x, y ∈ Z. Since θ is a generator of the prime of D+ above 2, it follows that, as
q ≡ 7 mod 8, we have x2 − y2q = 2. Hence x2 ≡ 2 mod y. Thus every prime divisor of y is congruent
to ±1 modulo 8, whence y2 ≡ 1 mod 16 since y is clearly odd. Then, writing Tr for the trace map from
D+ to Q, it follows that Tr(ε) = x2 + y2q = 2 + 2y2q ≡ 2(1 + q) mod 32. We conclude that
(2.5) ordp(Tr(ε))
{
= 4 if q ≡ 7 mod 16,
> 4 if q ≡ 15 mod 16 .
Now since q ≡ 7 mod 8, −1 is not a norm from D+, whence ND+/Q(ε) = 1. It follows that ordp(ε2 +
1) = ordp(Tr(ε)). Thus ordp(ε
2 − 1) = ordp(ε2 + 1 − 2) = 1. This implies that ordp(ε4 − 1) = 1 +
ordp(Tr(ε)). By a basic property of logarithm series, we must then have ordp(logv(ε
4)) = 1+ordp(Tr(ε)).
Now the assertion (2.4) follows from (2.5). From this, we obtain (2.1). This completes the proof of
Proposition 2.2. 
Let Kn (resp. K
∗
n) be the n-th layer of the Z2-extensionK∞/K (resp. K
∗
∞/K). The following lemma,
which has been proved in [4, Lemma 3.3], will be vital for our arguments, and we give an alternative
proof here using the language of ideles.
Lemma 2.3. Let rq = 2
ord2(q+1)−3. Then there are precisely rq primes of K∞ lying above q. In
particular, q is inert in K∞ if q ≡ 7 mod 16, and q splits in the first layer of K∞ if q ≡ 15 mod 16.
Proof. In Kp = Q2, we have 3 ≤ ord2(q + 1) = ord2(√−q + 1) + ord2(√−q − 1). We may assume that,
ordp(
√−q − 1) > 1 whence ordp(√−q + 1) = 1. Put k = ordp(√−q − 1). Then ord2(q + 1) = k + 1
and rq = 2
k−2. By class field theory and the fact that h is odd, the following composite map is an
isomorphism
Up/{±1} IK/K×
∏
v 6=p Uv Gal(M(K)/K).
ip
Here IK is the idele group of K, Uv denotes the group of local units at a finite place v of K, and the last
map is the Artin map. This shows M(K) = K∞, since the left hand side is isomorphic to Z2. Of course,
this result can also be proven by elementary Iwasawa theory, using the fact that h is odd (see Lemma
3.2 of [4]). The above composite map sends
√−q to the inverse of the Frobenius of q in Gal(K∞/K),
since
ip(
√−q) = (· · · ,√−q
p
, · · · ) ≡ (· · · , (√−q)−1
q
, · · · ) mod K×
∏
v 6=p
Uv.
Here the value is 1 at the places under dots. Hence the decomposition group of q in K∞/K is isomorphic
to
(〈√−q〉 × {±1})/{±1} = ((1 + 2kOp)× {±1})/{±1}.
The latter group is clearly of index 2k−2 in Up/{±1}. Therefore, there are precisely 2k−2 primes of K∞
lying above q, completing the proof of this lemma. 
Proposition 2.4. The prime p (resp. p∗) is inert in K∗∞ (resp. K∞) if q ≡ 7 mod 16, and the prime p
(resp. p∗) splits in K∗1 (resp. K
∗
1) if q ≡ 15 mod 16.
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Proof. Let K1 = K1K∗1 , so that K1 is the first layer of the unique Z22-extension of K. Hence K1 contains
K(
√
2), the first layer of the cyclotomic Z2-extension of K. Let K
′ = Q(
√−2q). Let p′ and q′ be
the unique prime of K ′ above 2 and q, respectively. We claim that the quartic extension K1/K ′ is
unramified abelian. It is easy to see that K ′(
√
2)/K ′ is unramified. Then since K1 = K1K ′(
√
2) (resp.
K1 = K∗1K ′(
√
2)), it follows that K1/K ′(
√
2) is unramified outside the primes above p (resp. p∗), whence
K1/K ′(
√
2) is unramified everywhere. Since K1/Q is clearly Galois, the quartic extension K1/K ′ must
be abelian. This proves the claim. Let ClK′ be the class group of K
′. Then, the Artin map induces an
surjection ClK′ ։ Gal(K1/K ′). Now, since p′q′ = (
√−2q) which is a principal ideal of K ′, it follows
that the product of the Frobenius elements of p′ and q′ is trivial. In particular, p′ and q′ have the same
inertia degree in K1. Now, since q splits in Q(
√
2), it follows from Lemma 2.3 that q′ must have inertial
degree 2 in K1 if q ≡ 7 mod 16, and must split completely in K1 if q ≡ 15 mod 16. But, note that 2
splits in K and p is ramified in K1. It follows that, by counting the inertia degree of 2 in K1, p must be
inert in K∗1 , whence it is then necessarily inert in K∞ when q ≡ 7 mod 16, and p must split in K∗1 when
q ≡ 15 mod 16. An entirely similar argument proves the assertion about the behaviour of p∗ in K∞. 
We remark that the above arguments also reprove an old result of Hasse [13], which asserts that 4
exactly divides hK′ if q ≡ 7 mod 16 and 8 divides hK′ if q ≡ 15 mod 16, where hK′ is the class number
of K ′ = Q(
√−2q) as in the above proof. Let ClK′(2) be the 2-primary subgroup of the class group
of K ′, which is a cyclic group by genus theory. Let L(K ′) be the 2-Hilbert class field of K ′ so that
the Artin map induces an isomorphism ClK′(2) ∼= Gal(L(K ′)/K ′). Firstly, the above proof shows that
4 | hK′ , since we just see that K1/K ′ is a quartic unramified abelian extension. Note that q′ has order
2 in ClK′(2). Assume q ≡ 15 mod 16. The above proof shows that q′ splits completely in K1. Thus
L(K ′) must be bigger than K1; otherwise, this contradicts to that q′ has order 2 in the class group.
This shows that 8 divides hK′ . Now assume q ≡ 7 mod 16. We need to show that L(K ′) = K1. The
above proof shows that the q′ has inertia degree 2 in K1. Since L(K ′)/K ′ is a cyclic 2-extension, writing
d = [L(K ′) : K ′], this would imply that q′ has inertia degree 2d−1. As q′ has order 2 in the class group
of K ′, we must have d = 2. Thus, we have K1 = L(K ′) when q ≡ 7 mod 16. This proves Hasse’s result.
Corollary 2.5. Assume πOK = pt, where t is the order of p in the ideal class group of K. Then
π ≡ ±3 mod p∗3 if q ≡ 7 mod 16, and π ≡ ±1 mod p∗3 if q ≡ 15 mod 16.
Proof. Note that t is odd by genus theory. Since K1/K is unramified outside p, we must have K1 ⊂
K(
√
π,
√−1). But K(√−1)/K is ramified at both p and p∗, and thus K1 is equal to K(
√
π) or K(
√−π).
Without loss of generality, we may assume that K1 = K(
√
π). Note that K(
√−π) must then be ramified
at both p and p∗. Let π∗ be the conjugate element of π, so that ππ∗ = 2t. It follows from the oddness
of t that K∗1 := K(
√
π∗) is unramified at p. Note that π is a unit in Kp∗ = Q2. When q ≡ 7 mod 16,
it follows from Proposition 2.4 that, Kp∗(
√
π) or Kp∗(
√−π) is an unramified quadratic extension of
Q2, whence π ≡ ±3 mod p∗3. When q ≡ 15 mod 16, we have that
√
π or
√−π is in K∗p and hence
π ≡ ±1 mod p∗3. 
Lemma 2.6. There exists exactly one ramified prime w of F above 2, which lies above p by our notational
convention. Then p∗ is inert in F when q ≡ 7 mod 16 , and p∗ splits in F when q ≡ 15 mod 16.
Proof. Note that −q is a square in Q2. We have that √−q ≡ ±3 mod 8 if q ≡ 7 mod 16 and that√−q ≡ ±1 mod 8 if q ≡ 15 mod 16. By adjusting the signs, the polynomial (1.3) has the following
factorization in Q2[x]:
f(x) =
{
(x2 +
√−q)(x2 −√−q) if q ≡ 7 mod 16;
(x2 +
√−q)(x − 4√−q)(x+ 4√−q) if q ≡ 15 mod 16.
Thus, the lemma follows from the fact that Q2(
√
3) and Q2(
√−1) are ramified over Q2 and that
Q2(
√−3)/Q2 is unramified over Q2. 
In what follows, we write w for the prime of F above p, and w∗ for any of the primes of F above p∗.
The following proposition establishes a lower bound for ordw∗(logw∗(η)), which is valid for all primes
q ≡ 7 mod 8. It is only this weaker form of Theorem 1.5 which is needed for the proof of Theorem 1.1
when q ≡ 7 mod 16. Again there is a completely parallel result for the field F ′.
Proposition 2.7. Assume q ≡ 7 mod 8, and let w∗ be any prime of F above p∗. Writing η for a
fundamental unit of F , we have ordw∗(logw∗(η)) ≥ 3.
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Proof. Let OF be the ring of integers of F , and let hF be its class number. Then hF is odd (see
Proposition 3.6, or Theorem 3.8 of [4]). We define γ to be the cube of a generator of the ideal whF of
OF , where, as always, w is the ramified prime of F above p, and put β = NF/K(γ). Since hF is odd, β
is a generator of an odd power of p. Note also that βOF = γ2OF because w is the unique prime of F
above p.. Hence γ2/β is a unit of F , whence it equals ±ηk for some integer k. The integer k must be
odd, otherwise
√±β ∈ F , which is impossible since it would imply that F/K is ramified only at primes
dividing 2, contradicting the fact that the unique prime of K above q is ramified in F . Put η′ = γ2/β.
Since k is odd, we have ordw∗ log(η
′) = ordw∗ log(η), so it suffices to prove that ordw∗ log(η
′) ≥ 3. By
Corollary 2.5, we have
(2.6) β ≡
{
±3 mod p∗3 if q ≡ 7 mod 16,
±1 mod p∗3 if q ≡ 15 mod 16.
Assume first that q ≡ 7 mod 16. It is proven in [4, Theorem 3.1] thatM(F∞) = F∞ whence the maximal
abelian 2-extension of F having exponent 2, which is unramified outside p, is F1 = FK1. Moreover, since
β is an odd power of ±π, it is shown in the proof Proposition 2.4 that F1 = F (
√
β) or F1 = F (
√−β).
We claim that the two fields F (
√
γ) and F (
√−γ) must both be ramified at w∗. Indeed, if F (√γ) is
unramified at w∗, it would have to be equal to F1, whence it would follow that the ideal γOF is a
square, which it is not because γOF = w3hF and hF is odd. A similar argument shows that F (√−γ)
is ramified at w∗. From now on, we will work in the completion Fw∗ of F at w
∗, and for simplicity,
we write a for ιw∗(a), where ιw∗ is the canonical embedding of F into Fw∗ . The ring of integers Ow∗
of Fw∗ is Z2[ζ] where ζ is a primitive cube root of unity, and 2 is a local parameter for this ring. The
residue field Ow∗/2Ow∗ is isomorphic to the finite field with 4 elements, and {0, 1, ζ, ζ2} is a system of
representative elements for this residue field. Thus any element of 1 + 2Ow∗ can be written uniquely as
a series 1 + a12 + a22
2 + a32
3 · · · , with ai ∈ {0, 1, ζ, ζ2}. Now γ is a unit in Ow∗ , and in fact lies in
1 + 2Ow∗ since we defined γ to be a cube in F . Since F (√γ)/F and F (
√
−γ)/F are both ramified at
w∗, it follows that γ 6≡ ±1 mod 4. Hence we must have
γ ≡ 1 + 2ζ or 1 + 2ζ2 mod 4Ow∗ ,
and so it follows that
γ2 ≡ 1 + 4ζ2 + 4ζ ≡ −3 mod 8.
Together with (2.6), this shows that
η′ =
γ2
β
≡ ±1 mod 8Ow∗ .
Thus η′
2−1 is divisible by 16 inOw∗ . Therefore we have ordw∗(logw∗(η′2)) ≥ 4 whence ordw∗(logw∗(η′)) ≥
4− ordw∗(2) = 3. This proves the case when q ≡ 7 mod 16.
Suppose next that q ≡ 15 mod 16 so that Fw∗ = Q2 by Lemma 2.6. It is proven in [18] that the
maximal abelian 2-extension T of F having exponent 2, which is unramified outside p, is strictly larger
than F1. Noting that F (
√
η′) = F (
√
β) and hF is odd, we must have T ⊂ F (
√−1,√γ,√β). But
F (
√−1) is clearly not contained in T as Fw∗(
√−1) = Q2(
√−1) is ramified over Fw∗ = Q2. This implies
that F (
√
γ) or F (
√−γ) is unramified at the primes above p∗. It follows that γ2 ≡ 1 mod w∗3. Together
with (2.6), this shows that η′ = γ
2
β ≡ ±1 mod 8Ow∗ . Thus ordw∗(logw∗(η′)) ≥ 3, completing the proof
of Proposition 2.7. 
By a classical formula [5], whose proof we recall in the Appendix, Proposition 2.7 and its analogue
for the field F ′, are equivalent to
(2.7) [M∗(F ) : F ∗∞] ≥ 4 and [M(F ′) : F ′∞] ≥ 4.
Note that J = F (
√−1)/F is unramified outside w∗ for any q ≡ 7 mod 8, since Fw(
√−1)/Fw is un-
ramified. But we claim that J is not equal to FK∗1 . Indeed, if J = FK
∗
1 , it would follow that −π∗ is
a square in F , since FK∗1 = F (
√
π∗) as in the proof of Proposition 2.4; here π∗ ∈ OK is a generator
of some odd power of p∗. Then F would coincide with the field K(
√−π∗), and so the prime q of K
would be unramified in F , which is plainly a contradiction. We remark that F ∗∞(
√−1) (resp. F ′∞(
√−1))
is in fact the unique quadratic extension of F ∗∞ (resp. F∞) lying inside M
∗(F ) (resp. M(F ′)) when
q ≡ 7 mod 16 since X∗(F ) = Gal(M∗(F )/F ∗∞) and X(F ′) = Gal(M(F ′)/F ′∞) are both cyclic groups of
order 4 by Theorem 2.10. However, it does not seem obvious to write down explicitly the corresponding
6
cyclic quartic extension, whose existence is proven by Theorem 2.10. Nevertheless, we now show that we
obtain the striking Theorem 1.1 from (2.7).
Proof of Theorem 1.1. Note that F ′∞(
√−1) = J∞ is contained in M(F ′). It follows from (2.7) and the
fact that X(F ′) = Gal(M(F ′)/F ′∞) is of order at least 4 (in fact it is cyclic of order exactly 4 by Theorem
2.10) that
(2.8) M(J) 6= J∞.
Now, writing Γ = Gal(J∞/J) and (X(J∞))Γ for the Γ-coinvariants of X(J∞), it is easily seen that we
have
(2.9) (X(J∞))Γ = Gal(M(J)/J∞).
We conclude from (2.8) and (2.9) that X(J∞) 6= 0. Thus, to complete the proof of the theorem, it
suffices to show that X(J∞) is a free Z2-module of rank at most 1. We shall make again essential use of
the important fact, which is proven in [4], Theorem 3.1, that M(F∞) = F∞ for all primes q ≡ 7 mod 16.
Let ∆ = Gal(J∞/F∞), so that ∆ = 〈δ〉, where δ is of order 2. Then ∆ acts on X(J∞) as usual by lifting
inner automorphisms. It follows from Proposition 2.4 that the unique prime w∗ of F above p∗ splits into
two primes in F1, and these two primes are then inert in F∞/F1. Since w
∗ is ramified in J , it follows
that there are exactly two primes of F∞ which ramify in J∞, and both of these primes have ramification
index 2 in the extension M(J∞)/F∞ since they are unramified in M(J∞)/J∞. Let R be the maximal
abelian extension of F∞ which is contained in M(J∞), so that
Gal(R/J∞) = X(J∞)∆,
where X(J∞)∆ denotes the ∆-coinvariants of X(J∞). Now, since M(F∞) = F∞ by Theorem 3.1 of [4],
it follows that Gal(R/F∞) must be generated by the inertial subgroups of the two primes of F∞ lying
above w∗, both of which are of order 2. Hence Gal(R/F∞) is of order at most 4, and so X(J∞)∆ is of
order at most 2. Hence, by Nakayama’s lemma, X(J∞) is generated by one element, say x, over the
group ring Z2[∆]. Now we have the exact sequence
0→ X(J∞)∆ → X(J∞)→ X(J∞)→ X(J∞)∆ → 0,
where the middle map is multiplication by δ − 1. Since all of these groups are finitely generated Z2-
modules and X(J∞)∆ is finite by the Nakayama lemma argument we have just given, it follows that
X(J∞)
∆ must be finite. But Greenberg (see his remarks at the end of §4 of [10]), has shown that X(J∞)
has no non-zero finite submodules which is stable under the action of Gal(J∞/J), and so necessarily
X(J∞)
∆ = 0. In particular, it follows that (1 + δ)X(J∞) = 0. Hence X(J∞) = [Z2[∆]/(1 + δ)]x, and so
we see that X(J∞) has at most rank 1 as a Z2-module. Again invoking Greenberg’s theorem, it follows
that X(J∞) must be a free Z2-module of rank at most 1, and so finally it must be free of rank 1 because
X(J∞) 6= 0. The assertion on X∗(J∗∞) now follows from Lemma 2.1. This completes the proof. 
We now turn to the proof of Theorem 1.5. Thanks to Proposition 2.7, we only need to show that
ordw∗(logw∗(η)) ≤ 3, always assuming that q ≡ 7 mod 16. Unlike the arguments used in the proof
of Proposition 2.7, we shall prove this upper bound by working with Galois groups. Our first lemma
determines the group structure of X∗(F ) using class field theory, where we recall that, by definition
(1.2), X∗(F ) = Gal(M∗(F )/F ∗∞).
Lemma 2.8. Assume q ≡ 7 mod 16. Then X∗(F ) and X(F ′) are both finite cyclic groups.
Proof. We only need to prove the assertion for X∗(F ), since X∗(F ) ∼= X(F ′) by Lemma 2.1. Let U1 =
1+ 2Ow∗ be the group of principal units of Fw∗ . Since the class number of F is odd by Proposition 3.6,
it follows from global class field theory that
U1/〈η,−1〉 ∼= Gal(M∗(F )/F ).
Here the bar denotes the closure in U1 under the 2-adic topology. Note that the group of 2-power roots
of units inside Fw∗ = Q2(
√−3) is {±1}. It follows that the left hand side is isomorphic to
logw∗(U1)/Z2 logw∗(η).
Since logw∗(U1) ⊂ Ow∗ ∼= Z22, we must have logw∗(U1) ∼= Z22 as Z2-modules. Thus the Z2-module
Gal(M∗(F )/F ) is generated by two elements and must be isomorphic to Z2 ×Z/2rZ for some integer r.
Therefore X∗(F ), being the Z2-torsion submodule of Gal(M
∗(F )/F ) is a finite cyclic 2-group, and the
assertion for X(F ′) follows from Lemma 2.1. 
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We recall that h denotes the class number of K, and, as always, η is a fundamental unit of the field
F .
Lemma 2.9. Assume q ≡ 7 mod 16. Write i = √−1, and let π∗ be a generator of the ideal p∗h of K.
Then none of
√
i,
√
iη,
√
iηπ∗,
√
ηπ∗ lie in the field M∗(F ).
Proof. As we remarked under (2.7), J is contained inM∗(F ). Thus, to prove the first two elements are not
in M∗(F ), it suffices to show that the extensions J(
√
i) and J(
√
iη) of J both are ramified at the unique
prime v of J lying above w, where w is the ramified prime of F above p. Note that Jv = Q2(
√−3, i),
so that the extension Jv(
√
i)/Jv is obviously ramified, and so
√
i /∈ M∗(F ). Next, we recall that it was
shown in the proof of Proposition 2.7 that η ≡ π mod (J×)2, where π is a generator of pt and t is the
order of p in the class group of K. Moreover, π ≡ ±3 mod p∗3 by Corollary 2.5. Thus √π ∈ Jv, and
so Jv(
√
iη) = Jv(
√
i) is also ramified over Jv. This proves
√
iη /∈ M∗(F ). If √iηπ∗ ∈ M∗(F ), it would
imply that
√
iη ∈ M∗(F ), since JK∗1 = J(
√
π∗) ⊂ M∗(F ). Thus √iηπ∗ /∈ M∗(F ). Finally, noting that
J(
√
ηπ∗) = J(
√
ππ∗) = J(
√
2) and that Jv(
√
2)/Jv is ramified, we conclude that
√
ηπ∗ /∈ M∗(F ). This
completes the proof of Lemma 2.9. 
Proof of Theorem 1.5. We recall that p∗ is inert in F by Lemma 2.6, and that J ⊂ M∗(F ). Thus,
applying Theorem A.1 to the extension F/K at the prime p∗, we conclude from Proposition 2.7 and
Lemma 2.8 that
(2.10) Gal(M∗(F )/F ) ∼= Z2 × Z/2rZ for some integer r ≥ 2.
Our goal is to show that r is equal to 2. Suppose, on the contrary, that r ≥ 3. Hence, by Galois theory,
there are intermediate fields T and E of M∗(F )/F such that
T ) E ) J ) F and Gal(T/F ) ∼= Z/8Z.
Since
√−1 ∈ J , according to Kummer theory, there exists some ξ ∈ J such that
T = J( 4
√
ξ) whence E = J(
√
ξ).
Now we claim that, since T/F is a cyclic extension of degree 8, we must have
(2.11) T = F ( 4
√
ξ) and E = F (
√
ξ).
Indeed, by Galois theory, the intermediate field F ( 4
√
ξ) must be equal to one of the fields F, J, J(
√
ξ), J( 4
√
ξ),
and it is easily seen that it cannot be equal to any of the fields F, J, J(
√
ξ). We recall that w∗ denotes
the unique prime of F lying above p∗, and we let v∗ be the unique prime of J above w∗. Since w∗ is
ramified in J , we have w∗OJ = v∗2 where OJ denotes the ring of integer of J . Now v∗hJ = ̟OJ for
some ̟ ∈ OJ , where hJ denotes the class number of J . Since hJ is odd by Proposition 3.6, and T/J is
unramified outside v∗, we conclude that
(2.12) ξ ≡ u̟k mod (J×)4 for some u ∈ O×J and k = 0, 1, 2, or 3.
Write δ˜ for a generator of Gal(T/F ), and let δ be the image of δ˜ in Gal(J/F ). For simplicity, write x′
for δ(x) if x ∈ J . Now since T/F is cyclic, the field T = J( 4√ξ) is also equal to J( 4√ξ′), and the field
E = J(
√
ξ) is also equal to J(
√
ξ′). Thus, we have
(2.13) ξ′ ≡ ξ mod (J×)4 and ξξ′ ∈ (J×)2.
We claim that the integer k in (2.12) must be 0 or 2. Suppose, on the contrary, that k is odd. Then√
ξξ′ /∈ F , since the ideal ξξ′OF is an odd power of w∗ by the oddness of hJ and k. Thus J must coincide
with F (
√
ξξ′), since
√
ξξ′ ∈ T and J is the unique quadratic extension of F inside T . It would then
follow that ξξ′ ≡ −1 mod (F×)2, which is impossible because ξξ′OF = w∗k, with k is odd. Thus k must
be even.
Next we note that we must have
ξξ′ = ±ηm or ± ηmπ∗2 mod (F×)4 for some m ∈ {0, 1, 2, 3}.
Now the integer m must be equal to 0 or 2, since, if this is not the case,
√±η ∈ J , and so we would have
∓η ∈ (F×)2 because J = F (√±η) = F (√−1). But this is clearly impossible since η is a fundamental
unit of F , whence m is 0 or 2. Next we claim that ξξ′ is not a square in F . Suppose the contrary, and
write ξ′ = a2/ξ for some a ∈ F . Then δ˜(√ξ) = ±√ξ′ = ±a/√ξ, whence δ˜2(√ξ) = √ξ. Since E = F (√ξ)
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by (2.11), this implies that δ˜|E has order 2 in Gal(E/F ). But this contradicts the fact that δ˜|E is a
generator of the cyclic group Gal(E/F ) of order 4. Therefore, we must have
ξξ′ ≡ −1,−η2,−π∗2, or − η2π∗2 mod (F×)4.
It follows from (2.13) that necessarily
ξ2 ≡ −1,−η2,−π∗2, or − η2π∗2 mod (J×)4.
Hence, we have
ξ ≡ √−1, η√−1, π∗√−1, or ηπ∗√−1 mod (J×)2.
But from Lemma 2.9, it would then follow that
√
ξ /∈M∗(F ). This contradiction shows that the integer
r in (2.10) is indeed equal to 2. The proof is complete. 
In terms of Galois groups, Theorem 1.5 is equivalent to the following statement by Theorem A.1.
Theorem 2.10. Assume q ≡ 7 mod 16. Then X(F ) = X∗(F ′) = 0 and X∗(F ) = X(F ′) = Z/4Z.
Lemma 2.11. Assume q ≡ 15 mod 16. Then X∗(F ) and X(F ′) are both isomorphic to Z/2Z× Z/2rZ
for some r ≥ 1.
Proof. We only need to prove the assertion for X∗(F ) by Lemma 2.1. According to Lemma 2.6, p∗ splits
in F , and we write w∗1 and w
∗
2 for the two primes of F above p
∗. Then, for i = 1, 2, the completion
Fw∗i = Q2, we let Owi denote the ring of integer of Fw∗i , and we write ιi for the canonical embedding
from F to Fw∗i . Let U1 = O×w∗1 ×O
×
w∗2
. Since the class number of F is odd by Proposition 3.6, it follows
from global class field theory that
U1/〈(ι1(η), ι2(η)), (−1,−1)〉 ∼= Gal(M∗(F )/F ),
where, as always η denotes a fundamental unit of F . The logarithm map (logw∗1 , logw∗2 ) then gives rise
to an isomorphism of the group on the left to the additive group
({±1} × {±1})/〈(−1,−1)〉 × (4Ow∗
1
× 4Ow∗
2
)/〈(logw∗1 (η), logw∗2 (η))〉.
Now Proposition 2.7 shows that logw∗i (η) is divisible by 8. Hence there is a an integer r ≥ 1 such that
the above group is isomorphic to Z2 × Z/2Z × Z/2rZ. Thus X∗(F ), being the torsion submodule of
Gal(M∗(F )/F ), is isomorphic to Z/2Z×Z/2rZ for some r ≥ 1. By Lemma 2.1, we have the same result
for X(F ′). 
Corollary 2.12. Assume q ≡ 15 mod 16. Then X∗(F ∗∞) and X(F ′∞) are both free finitely generated
Z2-modules of rank at least 2.
We have carried out numerical computations for all primes q ≡ 15 mod 16 with q < 10000, and these
computations show that, in this range, we have ordw∗i logw∗i (η) ≥ 4 for (i = 1, 2), proving that the integer
r in Lemma 2.11 is at least 2, and is sometimes equal to 2. The numerical data also seems to indicate
that the integer r in Lemma 2.11 is unbounded when q varies in the family of primes ≡ 15 mod 16.
Always assuming that q ≡ 15 mod 16, it is shown in [18] that ordw(logw(η)) ≥ 4, where w now denotes
the unique ramified prime of F above 2, whence X(F ) 6= 0 by Theorem A.1. In fact, one can refine the
proof used given in [18] to show that ordw(logw(η)) ≥ 6 for all primes ≡ 15 mod 16, whence X(F ) is
always a cyclic group of order at least 4. Zhibin Liang had computed the order of X(F ) for all primes
q ≡ 15 mod 16 and q < 2500. His calculations show that this cyclic group sometimes has order exactly
4, but they also seem to indicate that there is no upper bound for its order when q varies.
3. Proof of Theorems 1.4
In addition to the proof of Theorem 1.4, our goal of this section also includes computing Y (R), Y (R∞)
and Y (R∞) forR = D,F, F ′ and J . As in Lemma 2.1, we have Y (F ) ∼= Y (F ′), Y (F∞) ∼= Y (F ′∗∞), Y (F ′∞) ∼=
Y (F ∗∞) and Y (R∞)
∼= Y (R∗∞) for R = K,D, and J . We first recall some classical results which will be
needed. Let M be a number field, and let S be any finite set of prime ideals of M . We write ClM,S for
the quotient of the ideal class group of M by the subgroup generated by the ideal classes of primes in
S. Similarly, if M ′ is any finite extension of M , ClM ′,S will denote the quotient of the ideal class group
of M ′ by the subgroup generated by the classes of primes of M ′ lying above S. Also, we write O×M,S for
the group of S-units of M . We begin with Chevalley’s classical formula, which first occurs in his thesis
[2, p. 406] (for a modern proof, see [20]).
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Proposition 3.1. Let M ′/M be a finite cyclic extension of number fields with Galois group G, and let
S be an arbitrary finite set of prime ideals of M . Then
(3.1) #((ClM ′,S)
G) = #(ClM,S)
∏
v∈S evfv
∏
v/∈S ev
[M ′ :M ][O×M,S : O×M,S ∩NM ′/M (M ′×)]
,
where ev (resp. fv) denotes the ramification index (resp. inertial degree) of a prime v in the extension
M ′/M , and NM ′/M is the norm map.
In the present paper, we shall always use this formula in the case when S is the empty set.
Let p be any prime. Let Tn/T0 be a cyclic extension of number fields of degree p
n. For 0 ≤ i ≤ n, let
Ti be the unique intermediate field such that [Ti : T0] = p
i. We assume that every prime of T0 ,which
ramifies in Tn, is in fact totally ramified, and that there is at least one such ramified prime. Let S be a
finite set of primes of T0, such that the decomposition subgroup in Tn/T0 of every prime in S is either 0
or the whole of Gal(Tn/T0). Thus, every prime in S is either totally ramified, or splits completely, or is
inert in Tn. We write G = Gal(Tn/T0).
Proposition 3.2. With the above assumptions, let Ai be the p-primary part of the S-class group of Ti
for 0 ≤ i ≤ n. If m ≥ 0 is an integer such that #(A0/pmA0) = #(A1/pmA1), then
A0/p
mA0 ∼= Ar/pmAr for any 0 ≤ r ≤ n.
In particular, if #(A0) = #(A1), then A0 ∼= Ar for 0 ≤ r ≤ n.
In particular, Proposition 3.2 immediately yields the following result about Zp-extensions.
Proposition 3.3. Let T be a number field, and let T∞/T be a Zp-extension. Let n0 ≥ 0 be such that
every prime ramified in T∞/T is totally ramified in T∞/Tn0 . Let S be a finite set of primes of Tn0 such
that the decomposition group of each prime in S in the extension T∞/Tn0 is either Gal(T∞/Tn0) or 0.
Write Ak for the p-primary subgroup of the S-class group of Tk for k ≥ n0. If m ≥ 0 is an integer such
that #(An0/p
mAn0) = #(An0+1/p
mAn0+1), then
An0/p
mAn0
∼= An0+r/pmAn0+r for all r ≥ 0.
In particular, #(An0) = #(An0+1) implies that An0
∼= An0+r for all r ≥ 0.
Fukuda [8] proves this result for ideal class groups and for m = 0, 1. Now An is a Zp[G]-module, where,
as above G = Gal(Kn/K0). We give a rough bound on the number of generators of An as a Zp[G]-module
in terms of A0. This in turn gives a rough bound on the number of generators of An as a Zp-module.
For a Zp-module A, we write rkp(A) for the Fp-dimension of A/pA. Let NG =
∑
γ∈G γ ∈ Zp[G].
Proposition 3.4. We use the same notation as in Proposition 3.2, and write gn for the minimal number
of generators of An as a Zp[G]-module, and put g0 = rkp(A0). Write t for the number primes of T0
which are either ramified in the extension Tn/T0 or lie in S and are inert in the extension Tn/T0.Then
gn ≤ g0 + t− 1 and rkp(An) ≤ pn(g0 + t− 1); if further NGAn = 0, then rkp(An) ≤ (pn − 1)(g0 + t− 1).
We remark that if p ∤ #(A0), then automatically NGAn = 0. We briefly explain Proposition 3.4 is a rough
bound. Let us take p = 2 and n = 1, and assume that T0 has odd class number. By Proposition 3.4,
rk2(A1) ≤ t− 1. But now AG , and G = Gal(T1/T0), coincides with the subgroup of A1 killed by 2, and
so rk2A1 = rk2A
G . It follows from Chevalley’s formula (3.1) that
rk2A1 = t− 1− rk2
(
O×T0,S/O×T0,S ∩NT1/T0(T×1 )
)
.
The proof of these results is a slight modification of classical arguments in Iwasawa theory, going back
to Iwasawa’s paper [14, §7.4]. However, for completeness we now give a self-contained proof of them.
Proof of Proposition 3.2. Let Li be the maximal unramified abelian p-extension of Ti, in which the
primes of Ti above S splits completely. By class field theory, the Artin map induces an isomorphism
Ai ∼= Gal(Li/Ti).
Let Yi = Gal(Li/Ti), and for simplicity, we put L = Ln and Y = Yn. The group G = Gal(Tn/T0)
acts on Y by lifting inner automorphisms, so that Y becomes a Zp[G]-module, and then Y ∼= An as
Zp[G]-modules. Let
(3.2) Z = Gal(L/TnL0)
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which is a G-submodule of Y . Now since there is at least one totally ramified prime in the extension
Tn/T0, we have L0∩Tn = T0, and clearly L0 is contained in Ln because every prime of Tn above a prime
in S must also split completely in the extension L0Tn/Tn. Thus Y/Z = Y0. Hence, by the snake lemma,
for every integer m ≥ 0, we have an isomorphism
Y0/p
mY0 ∼= Y/(pmY + Z).
Let γ be a generator of G. For r ≥ 1, define νr = (γpr − 1)/(γ − 1), and note that νr is an element of
the maximal ideal of the local ring Zp[G]. We shall prove later that
(3.3) Yr = Y/Z
νr for each 1 ≤ r ≤ n.
whence, again by the snake lemma, we have
(3.4) Yr/p
mYr ∼= Y/(pmY + Zνr ).
Let us assume for the moment that (3.3) is valid. In view of this last equation, our hypothesis that
#(A0/p
mA0) = #(A1/p
mA1) implies that
(3.5) pmY + Z = pmY + Zν1 .
Put W = (pmY + Z)/pmY . Then ν1(W ) = (p
mY + Zν1)/pmY . But, in view of (3.5), we have (pmY +
Zν1)/pmY =W , and so ν1(W ) =W . Since ν1 lies in the maximal ideal of the local ring Zp[G], It follows
from Nakayama’s lemma that W = 0, whence Z ⊂ pmY . It now follows from (3.4) that
Ar/p
mAr ∼= Yr/pmYr ∼= Y/pmY for any 0 ≤ r ≤ n.
Thus, to complete the proof of Proposition 3.2, it remains to prove (3.3). Let G = Gal(L/T0), where we
recall that L is the maximal unramified abelian p-extension of Tn such that all primes of Tn, which lie
above a prime in S, split completely in L. Let S′ be the subset of S consisting of those primes which
are inert or ramified (hence totally ramified by our condition) in Tn and write S
′ = {p1, · · · , ps}. Let
ps+1, · · · , pt be the primes of T0 which are ramified (hence totally ramified) in Tn but not in S′. Let
p˜j (1 ≤ j ≤ t) be some prime of L lying above pj and write Dj (resp. Ij) for the decomposition (resp.
inertia) subgroup of p˜j in G. We let
Ej =
{
Dj if 1 ≤ j ≤ s,
Ij if s+ 1 ≤ j ≤ t
It follows from our definition of L that, for each 1 ≤ j ≤ t, we have Ej ∩ Y = 0, and Ej is naturally
isomorphic to G/Y = G. Hence each Ej is cyclic, and we can choose a generator σj of Ej for 1 ≤ j ≤ t
such that the coset of σj in G/Y is γ. Put yj = σjσ
−1
1 for 2 ≤ j ≤ t, so that yj is in Y . Now suppose p˜′j is
another prime of L lying above pj . Then the decomposition group of p˜
′
j for the extension L/T0 is conjugate
to Ej whence it is contained in 〈Ej , [G,G]〉, where [G,G] is the commutator subgroup of G. It follows
that L0, being an intermediate field of L/T0, is fixed by 〈[G,G], E1, · · · , Et〉 = 〈[G,G], σ1, y2, · · · , yt〉.
We claim that
(3.6) [G,G] = Y γ−1.
Indeed, Y γ−1 is clearly contained in [G,G] and it is normal subgroup of G by a direct computation.
Thus, in order to show (3.6), it suffices to show that G/(Y γ−1) is abelian. Any element of G/(Y γ−1)
has the form γ˜ky mod Y γ−1 for some integer k, where γ˜ ∈ G is a lifting of γ and y ∈ Y . Then
γ˜k1y1γ˜
k2y2 ≡ γ˜k1+k2y1y2 mod Y γ−1
where k1, k2 ∈ Z and y1, y2 ∈ Y . It follows that G/(Y γ−1) is indeed abelian. This proves the assertion
(3.6). Hence we have
Gal(L/L0) = 〈Y γ−1, σ1, y2, · · · , yt〉.
Since Y is a normal subgroup of G, we have Y ∩Gal(L/L0) = 〈Y γ−1, y2, · · · , yt〉. Recall that G = E1Y .
Thus the inclusion Y →֒ G induces the following isomorphism
(3.7) Y/〈Y γ−1, y2, · · · , yt〉 ∼= G/Gal(L/L0) = Y0.
But Y0 = Y/Z where Z is defined in (3.2), because there is at least one totally ramified prime in the
extension Tn/T0 . Therefore, we have
Z = 〈Y γ−1, y2, · · · , yt〉.
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Now one can repeat the above arguments proving (3.7) for the extension L/Kr for r = 1, ..., n. To do
this, we must replace γ by γp
r
, and σj by σ
pr
j , and work with the decomposition group generated by
σp
r
j . We then find
Yr = Y/〈Y γ
pr−1, σp
r
2 σ
−pr
1 , · · · , σp
r
t σ
−pr
1 〉.
Note that Y γ
pr−1 = (Y γ−1)νr . Hence the assertion (3.3) will follow, and the proof of Proposition 3.2
will be complete, once we have established the following lemma. 
Lemma 3.5. For r = 0, . . . , n we have,
σp
r
j σ
−pr
1 = y
νr
j (j = 2, ..., t),
where νr = (γ
pr − 1)/(γ − 1).
Proof. Recall that, by definition, yγ = γ˜yγ˜−1 for any lifting γ˜ ∈ G of γ, and any y ∈ Y ; and by definition,
σj (1 ≤ j ≤ t) is a lifting of γ. We shall prove by induction that, for any integer k ≥ 1, we have
(3.8) σkj σ
−k
1 = y
γk−1
γ−1
j .
When k = 1, this is just the defining equation of yj. Suppose k ≥ 2, and that (3.8) holds for k− 1. Then
σkj σ
−k
1 = σjy
γk−1−1
γ−1
j σ
−1
1 = σjy
γk−1−1
γ−1
j σ
−1
j σjσ
−1
1 = y
γ
(
γk−1−1
γ−1
)
+1
j = y
γk−1
γ−1
j ,
completing the proof by induction. 
Proof of Proposition 3.4. We use the notation of the proof of Proposition 3.2. Let Y ′ be the Zp[G]-module
submodule of Y generated by y2, · · · , yt. It follows from (3.7) that
(Y/Y ′)/(Y/Y ′)γ−1 = Y0.
Let m = (p, γ − 1), so that m is the maximal ideal of Zp[G]. Thus
(Y/Y ′)/m(Y/Y ′) = Y0/pY0.
Hence, by Nakayama’s lemma, Y/Y ′, as a Zp[G]-module, can be generated by g0 elements, where we
recall that g0 is equal to the Fp-dimension of A/pA. Therefore, Y can be generated by g0 + t − 1
elements as a Zp[G]-module. Since rkpZp[G] = pn, we have rkp(Y ) ≤ pn(g0 + t− 1). The last assertion
of Proposition 3.4 follows from the fact that An is a Zp[G]/(NG)-module when NGAn = 0, and that
rkp(Zp[G]/(NG)) = pn − 1. 
We now return to the discussion of the preliminary ideas behind the proof of Theorem 1.4. The first
important fact is the following. Note that the definition of the fields K, F , F ′ and J remains valid for
all primes q ≡ 3 mod 4, and the following result holds for all such primes. Of course, it is classical that
K has odd class number, and it is already shown in [4], Theorem 3.8 that F has odd class number for
all primes q ≡ 7 mod 8.
Proposition 3.6. Assume q is any prime such that q ≡ 3 mod 4. Then all of the fields K,F, F ′, D and
J have odd class number.
Proof. Let i =
√−1. Of course, Q(i) has class number 1. Note that q is inert in Q(i), and that the
prime qZ[i] is totally ramified in J and in D. Suppose q ≡ 7 mod 8. Let v be a prime of J lying above 2.
Then it follows from Lemma 2.6 that Jv is equal to Q2(
√−1,√−3) when q ≡ 7 mod 16 and to Q2(
√−1)
if q ≡ 15 mod 16. Thus the ramification index of v in J/Q is 2. Note that (1+ i)Z[i] is the prime of Q(i)
above 2 which is ramified in Q(i)/Q. It follows that (1 + i)Z[i] is unramified in J . Thus, we conclude
that there is only one prime ramified in D/Q(i). It follows from Proposition 3.4 that D has odd class
number. Applying Proposition 3.4 on J/D implies that J has odd class number. Since J/F (resp. J/F ′)
is ramified at w∗ (resp. w), it follows from class field theory that F and F ′ both have odd class numbers.
Assume next that q ≡ 3 mod 8. We shall apply Chevalley’s formula (3.1) to the quartic cyclic extension
J/Q(i). Let v be a prime of J above 2. Then Jv = Q2(
4
√−3, i) or Q2( 4
√−11, i), according as q ≡ 3 mod 16
or q ≡ 11 mod 16. We leave the reader to check that neither Q2( 4
√−3) nor Q2( 4
√−11) is Galois over Q2.
It follows that the maximal abelian extension of Q2 inside Jv is Q2(
√−3, i). In particular, we conclude
that the maximal unramified extension of Q2 inside Jv is Q2(
√−3). This proves that the ramification
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index and the inertial degree of (1 + i)Z[i] in J are both equal to 2. Since q ≡ 3 mod 8, the quartic
Hilbert symbol ( i,−q
qZ[i]
)
4
≡ i q
2
−1
4 = −1 mod qZ[i].
It follows that i is not a norm from J , whence the unit index in Chevalley’s formula for J/Q(i) is divisible
by 2. Thus, in this case, Chevalley’s formula when S = φ tells us the Gal(J/Q(i))-invariant of ClJ is 0
where ClJ is the class group of J , whence, by Nakayama’s lemma, the class number of J is odd. We just
proved that the unique prime of J above 2 is totally ramified in J/K. It follows that D,F and F ′ must
also have odd class number. This completes the proof of Proposition 3.6. 
If R denotes any of our four number fields D,F, F ′, J , we recall that Rn = RKn and R
∗
n = RK
∗
n for
1 ≤ n ≤ ∞. Recall also that we have chosen our notation so that the prime factor p (resp. p∗) of 2OK
is ramified in F (resp. F ′).
Proposition 3.7. Assume q ≡ 7 mod 8. Then the class numbers of Dn, D∗n, Fn and F ′∗n are all odd for
all n ≥ 0. Moreover, for all n ≥ 1, the class numbers of F ∗n , F ′n, Jn and J∗n are all odd if q ≡ 7 mod 16,
and are all even if q ≡ 15 mod 16.
Proof. Note that there is only prime of D (resp. F ) above p and this prime must be totally ramified
in D∞ (resp. F ) since D (resp. F ) has odd class number by Proposition 3.6. It follows by a classical
argument in Iwasawa theory (see the proof of Theorem 3.8 of [4]) that Dn (resp. Fn) has odd class
number for all n ≥ 0. Alternatively, one can use Proposition 3.4 or Chevalley’s formula to show Dn
(resp. Fn) also has odd class number for each n ≥ 1. As in Lemma 2.1, we also conclude that D∗n and
F ′∗n have odd class numbers too.
Assume now that q ≡ 7 mod 16. Then, by Lemma 2.6, there is exactly one prime of v of J lying above
p, and exactly one prime v∗ of J above p∗. Moreover, v (resp. v∗) is then the unique ramified prime in
J∞ (resp. J
∗
∞), and it must be totally ramified since J has odd class number by Proposition 3.6. It now
follows either by a classical argument in Iwasawa theory, or again by using Proposition 3.4 that Jn (resp.
J∗n) has odd class number for all n ≥ 1. Also Jn/F ′n is totally ramified at the unique prime of F ′n above
p, and J∗n/F
∗
n is totally ramified at the unique prime of F
∗
n above p
∗, whence F ′n, F
∗
n also have odd class
number, completing the proof when q ≡ 7 mod 16.
Suppose next that q ≡ 15 mod 16. We first prove that F ∗1 = FK∗1 has even class number. We shall
apply Chevalley’s formula (3.1) to the quadratic extension F ∗1 /F . Note that, by Lemma 2.6, p
∗ splits in
F , say p∗OF = w∗1w∗2 , where OF denotes the ring of integer of F . Since p∗ is ramified in K∗1 , both w∗1
and w∗2 are ramified in the extension F
∗
1 /F , and no other primes of F are ramified. We now show that
each unit in OF is a norm of F ∗1 . Recall that hF denotes the class number of F . Let γ be a generator of
whF , and define β = NF/K(γ). Then, since w is the unique prime of F above p, we have βOF = γ2OF .
Thus γ2/β = ±ηk for some integer k, where we recall that η denotes a fundamental unit of F . Again, as
in the proof of Proposition 2.7, the integer k must be odd, since otherwise the extension F/K would be
unramified outside the set of primes dividing 2. Hence, to prove that each unit in OF is a norm from F ∗1 ,
it suffices to show that both γ2/β and −1 lie in NF∗1 /F (F ∗1 ). Let π∗ be a generator of p∗t where t is the
order of the ideal class of p∗ in the class group of K. Then it follows from the proof of Proposition 2.4
that, by adjusting the sign of π∗ if necessary, we have K∗1 = K(
√
π∗), whence F ∗1 = F (
√
π∗). Moreover,
since p splits in K∗1 by Proposition 2.4, we must have π
∗ ≡ 1 mod p3, or equivalently π∗ is a square in
Kp = Fw∗
1
= Fw∗
2
. Thus, for j = 1, 2 we have the following equalities of quadratic Hilbert symbols:(±γ2/β, π∗
w∗j
)
=
(±β, π∗
w∗j
)
=
(±β, π∗
p∗
)
=
(±β, π∗
p
)
= 1.
Indeed, the first equality is obvious; the second equality holds because β, π∗ ∈ Kp∗ = Fw∗j ; the third
equality is by the product formula for Hilbert symbols and the fact that the Hilbert symbol of β and π∗
at a prime outside p, p∗ is trivial by local class field theory; the last equality is thanks to the fact proven
above that π∗ is a square in Kp. Now every unit in OF is clearly a local norm at the unramified primes
of F in F ∗1 . Thus it follows from the above computation and Hasse’s norm theorem that every unit of F
is a global norm from F1. By Chevalley’s formula (3.1) applied to the extension F
∗
1 /F , we conclude that
the class number of F ∗1 must be even. Thus, since the primes of F lying above p
∗ are totally ramified in
F ∗n , it follows that F
∗
n has even class number for all n ≥ 1. By interchanging the primes p and p∗, the
same argument proves F ′n has even class number for all n ≥ 1.
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We claim that the prime w∗i (i = 1, 2) of F is totally ramified in J
∗
1 whence it will be totally ramified
in J∗∞. Indeed, since J has odd class number by Proposition 3.6, we must have that J
∗
1 /J is ramified at
some prime of J lying above w∗i . As w
∗
i is ramified in J/F , this proves the claim. It follows that J
∗
1 /F
∗
1
is totally ramified at the primes above w∗i (i = 1, 2) whence so is J
∗
n/F
∗
n . Thus J
∗
n has even class number
since we just proved that F ∗n has even class number. Using the argument of Lemma 2.1 shows that Jn
has even class number. 
Apart from some brief comments made about the case q ≡ 15 mod 16, at the very end of this section,
we shall assume from now on that q ≡ 7 mod 16. We assume that w lying above p and w∗ lying above p∗
are the primes of F as in Theorem 1.5. Thus Fw = Q2(
√
3) and Fw∗ = Q2(
√−3). Moreover w is inert
in J and w∗ is ramified in J . If M is a number field, we let M cyc∞ be the cyclotomic Z2-extension of M
and write M cycn for its n-th layer. By class field theory, the compositum of all Z2-extension K∞ of K is
K∞K
cyc
∞ , which is also equal to K
∗
∞K
cyc
∞ , and to K∞K
∗
∞. Finally, let Fn = FKnK∗n and Jn = JKnK∗n
for each n.
Proposition 3.8. Assume q ≡ 7 mod 16. Then, for each n ≥ 0, the 2-primary subgroup of ClF cycn ,S is
zero; here S = {w} is the set consisting of the unique prime of F lying above p. Moreover, the class
number of Fn = FKnK∗n is odd for every n ≥ 0.
Proof. Both of the primes w and w∗ are ramified in F cyc1 = F (
√
2), since Fw(
√
2) and Fw∗(
√
2) are
ramified extension of Fw and Fw∗ , respectively. Hence w and w
∗ must be totally ramified in the Z2-
extension F cyc∞ /F . Let w
cyc
n denote the unique prime of F
cyc
n above w for each n ≥ 1. Write ClF cycn ,S(2)
for the 2-primary subgroup of ClF cycn ,S . Since F has odd class number, and w, w
∗ are the only primes
of F ramified in F cyc1 , it follows from the final assertion of Proposition 3.4 that ClF cyc1 (2) is a cyclic
group. Now F cyc1 K1K
∗
1 is an unramified extension of F
cyc
1 , because, on the one hand, it is unramified
outside the primes above p, and, on the other hand, it is also unramified outside the primes above p∗
since F cyc1 K1 = F
cyc
1 K
∗
1 . The prime w
cyc
1 is inert in the extension F
cyc
1 K1/F
cyc
1 by Proposition 2.4, and
so, by class field theory, it must be inert in the 2-Hilbert class field L(F cyc1 ) of F
cyc
1 since we have shown
that the extension L(F cyc1 )/F
cyc
1 is cyclic. Hence, by class field theory, the whole group ClF cyc1 (2) must
be equal to the 2-primary part of the subgroup generated by the ideal class of wcyc1 . In other words,
ClF cyc1 ,S(2) = 0. Therefore, applying Proposition 3.3, we conclude that the same assertion holds for every
layer F cycn of the cyclotomic Z2-extension of F . For the second assertion of the Proposition, we note
that (wcycn )
2n = wOF cycn . Hence, since F has odd class number, it follows from the first assertion of the
Proposition that the 2-primary part of ClF cycn has order dividing 2
n. But Fn/F cycn is already an unramified
cyclic extension of degree 2n. This shows that L(F cycn ) = Fn. Now Y (Fn) = Gal(L(Fn)/Fn) is endowed
with the usual action of dn = Gal(Fn/F cycn ), and we then have Y (Fn)dn = 0 since L(F cycn ) = Fn. Hence,
by Nakayama’s lemma, Y (Fn) = 0, proving that the class number of Fn is odd. This completes the
proof. 
Lemma 3.9. Assume q ≡ 7 mod 16. Then the index [O×F1 : O×F1 ∩NJ1/F1(J×1 )] is divisible by 2.
Proof. Since F1 = FK1 is a bi-quadratic extension of K, it has three nontrivial intermediate fields.
Clearly F and K1 are two of them, and we denote the third one by E. Since the prime p of K is totally
ramified in F1, and F1 has odd class number by Proposition 3.7, it follows that also E has odd class
number. We first show that there exists a unit u ∈ O×F1 such that NF1/E(u) = −1, where O×F1 denotes
the unit group of F1. Now the only primes of K which ramify in F1 are the primes p and q =
√−qOK ,
with respective ramification indices 4 and 2. Moreover, q must ramify in E, because F1 = K1E and
q does not ramify in K1. Hence the extension F1/E is ramified at the unique prime of E lying above
p. Applying Chevalley’s formula (3.1) to the extension F1/E with S = φ, and recalling that F1 and E
have odd class number, we conclude that the index [O×E : O×E ∩ NF1/E(F1×)] is odd; here O×E denotes
the group of units of E. Hence there exists β ∈ F1 such that NF1/E(β) = −1. Let βOF1 = b. Since the
norm of b from F1 to E is the trivial ideal, it is clear that we must have b = c/c
τ for some ideal c of
F1; here τ denotes the non-trivial element of Gal(F1/E). But, since F1 has odd class number, we must
have ck = θOF1 for some non-zero θ ∈ F1 and some odd integer k ≥ 1. We then have βk = u(θ/θτ )k for
some u ∈ O×F1 , and, since k is odd, it follows that −1 = NF1/E(u), proving our first claim. Our second
step is to show that there exists a unit u′ ∈ O×F1 such that NF1/F1(u′) = u, where O×F1 is the group of
units of F1. Note that w∗ splits into two primes of F1 and these two are precisely the ramified primes
of F1 in F1. Let v denote any one of these two primes of F1, let v′ denote the prime of F1 above v and
let v0 be the prime of E below v. We have (F1)v ∼= Q2(
√−3) and Ev0 ∼= Q2. It follows from the norm
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functoriality of Hilbert symbols that (u, 2
v
)
=
(−1, 2
v0
)
= 1.
It follows that the global unit u is a local norm at any prime of F1 as as F1 = F1F cyc1 = F1(
√
2). Thus,
by Hasse’s norm theorem, we have u ∈ NF1/F1(F×1 ). Since F1 has odd class number, an entirely similar
argument to that given above shows that there exists an odd integer m such that um is in NF1/F1O×F1 .
But since an even power of u is clearly the norm of a unit in O×F1 , we conclude that
u = NF1/F1(u
′) for some unit u′ ∈ O×F1 .
Now we claim
u′ /∈ NJ1/F1(J ×1 ).
As J1 = F1(
√−1), this claim follows from the following values of Hilbert symbols:
(u′,−1
v′
)
=
(u,−1
v
)
=
(−1,−1
v0
)
= −1.
Thus the unit index in the lemma is indeed nontrivial, and the proof is complete. 
Proposition 3.10. Assume q ≡ 7 mod 16. Then the class number of J1 is odd.
Proof. The primes of F1 ramified in J1 are precisely the two primes above w∗. Applying Chevalley’s
formula (3.1) on J1/F1, it follows from Lemma 3.9 that the class number of J1 is odd by Nakayama’s
lemma. 
Proof of Theorem 1.4. Since q ≡ 7 mod 16, there is exactly one prime of J lying above p (resp. p∗) , and
we denote this prime by v (resp. v∗). Then v (resp. v∗) is totally ramified in Jn = JKn (resp. J
∗
n = JK
∗
n)
and unramified in J∗n (resp. Jn) for all n ≥ 0. It follows that the ramification index of v in Jn = JKnK∗n
is exactly 2n. Thus, for any n ≥ 0, the primes of Jn = JKn lying above v∗ are totally ramified in Jn
whence they are totally ramified in the Z2-extension JnJ
∗
∞/Jn. Clearly, JnJ
∗
∞/Jn is unramified outside
the primes above v∗. Hence the Z2-extension JnJ
∗
∞/Jn is totally ramified at each ramified prime for all
n ≥ 0. Similarly, the Z2-extension J∗nJ∞/J∗n is also totally ramified at each ramified prime for all n ≥ 0.
Now the class numbers of J1 and J1 = J1J∗1 are both odd by Proposition 3.7 and Proposition 3.10.
Applying Proposition 3.3 to the Z2-extension J1J
∗
∞/J1, we conclude that J1J
∗
n has odd class number for
all n ≥ 0. Then, the class number of J∗n is also odd, since J1J∗n/J∗n is totally ramified at the primes above
v. Now, applying Proposition 3.3 on the Z2-extension J
∗
nJ∞/J
∗
n, we conclude that the class number of
J∗nJr is odd for every r ≥ 0. In particular, Jn has odd class number for every n ≥ 0. But every finite
unramified abelian 2-extension of J∞ is clearly defined by an equation with coefficients lying in Jn for
some n ≥ 0, and thus L(J∞) = ∪nL(Jn). Hence Y (J∞) = 0. Finally, since the extensions J∞/D∞,
J∞/F∞, J∞/F ′∞ and F∞/K∞ are all ramified quadratic extensions, it follows from class field theory
that Y (D∞) = Y (F∞) = Y (F ′∞) = Y (K∞) = 0, and the proof is complete. 
Assume q ≡ 7 mod 16. By a similar argument to that used in Proposition 3.8, one can show that, for
each n, L(Jcycn ) = Jn whence the 2-primary part ClJcycn (2) of the class group of Jcycn is cyclic of order
2n. But unlike the result in Proposition 3.8, ClJcycn (2) is not generated by the primes above w and w
∗,
since the primes of Jcycn above w or w
∗ all split in Jcycn K1 = J
cyc
n K
∗
1 . This result on ClJcycn (2) extends a
joint work of the second author [19].
Kida [16] and Ferrero [7] have independently computed the unramified Iwasawa module of the cyclo-
tomic Z2-extension of an imaginary quadratic field. For our field K, their formula gives Y (K
cyc
∞ )
∼= Zλ2
where λ = −1 + 2(−3+ord2(q2−1)). It follows that Y (K∞) has a quotient whose Z2-rank is λ − 1, since
K∞/Kcyc∞ is an unramified Z2-extension. Note that λ− 1 ≥ 1 when q ≡ 15 mod 16 and it is unbounded
when q varies in the family of primes ≡ 15 mod 16. This certainly implies the same assertion holds for
Y (D∞), Y (F∞) and Y (J∞).
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4. Relationship to the arithmetic of a family of abelian varieties
We now discuss the connexion of Theorem 1.1 with the arithmetic of a certain abelian B variety with
complex multiplication, and use it to prove Theorem 1.3. As in the Introduction, let H = j(OK) be
the Hilbert class field of K. Let A be the unique elliptic curve defined over Q(j(OK)) with complex
multiplication by OK , minimal discriminant (−q3), and which is isogenous to all of its conjugates over H
(see [11], Chap. 3). Let B/K be the h-dimensional abelian variety which is the restriction of scalars from
H to K of A (see [11], Chap. 4); here we recall that h is the class number of K . Let B = EndK(B), and
T = B⊗Q, so that T is a CM field of degree h over K. As was explained in the Introduction, the fact
that h is odd implies that the primes p, p∗ of K are both unramified in T , and the fact that the torsion
subgroup of B(K) is OK/2OK implies that there exist unramified primes P,P∗ of inertial degree 1 of
T lying above p, p∗, respectively (see [11], [1], [4]) for detailed proofs of these facts). For 1 ≤ n ≤ ∞, we
write BPn (resp. BP∗n) for the Galois module of P
n (resp. P∗n) -division points on B, both of which
are isomorphic as abelian groups to Z/2nZ (resp. Q2/Z2) when n is finite (resp when n =∞), but have
a highly non-trivial Galois action on them when n ≥ 2. It is shown in [4] (see Theorem 2.4 and Lemma
7.11), that, always with our standard notational convention, we have
(4.1) F = K(BP2), F∞ = K(BP∞), F
′ = K(BP∗2), F
′∗
∞ = K(BP∗∞).
Moreover, the Weil pairing gives rise to an isomorphism of Galois modules BP∗2 ∼= Hom(BP2 , µ4), where
µ4 denotes the group of 4-th roots of unity, whence we obtain
(4.2) J = K(BP2 , BP∗2), J∞ = J(BP∞), J
∗
∞ = J(BP∗∞).
For any algebraic extension F of K, we recall that the P∞-Selmer group of B/F is defined by
(4.3) SelP∞(B/F) = Ker(H
1(F, BP∞)→
∏
v
H1(Fv, B)),
where v runs over all non-archimedean places of F, and, as usual, Fv denotes the union of the completions
at v of the finite extensions of K contained in F, and there is an entirely analogous definition for
SelP∗∞(B/F). Now it is shown in [4], Theorem 2.4, that B has good reduction everywhere over the fields
F and F ′, from which, in view of (4.1) and (4.2), it follows easily that
(4.4) SelP∞(B/F∞) = Hom(X(F∞), BP∞), SelP∞(B/J∞) = Hom(X(J∞), BP∞),
and
(4.5) SelP∗∞(B/F
′∗
∞) = Hom(X
∗(F ′∗∞), BP∗∞), SelP∗∞(B/J
∗
∞) = Hom(X
∗(J∗∞), BP∗∞).
When q ≡ 7 mod 16, Theorem 3.1 of [4] shows that X(F∞) = X ∗ (F ′∗∞) = 0, whence
(4.6) SelP∞(B/F∞) = SelP∗∞(B/F
′∗
∞) = 0.
Further, Theorem 1.1 is then clearly equivalent to the following.
Theorem 4.1. Assume q ≡ 7 mod 16. Then, as abelian groups, we have SelP∞(B/J∞) = Q2/Z2 and
SelP∗∞(B/J
∗
∞) = Q2/Z2.
Note, however, that our proof of Theorem 1.1 provides no information about the action of Galois on the
copies of Q2/Z2 appearing in Theorem 4.1. We can also give an equivalent formulation of Theorem 4.1
as follows. We have an exact sequence
(4.7) 0→ B(J∞)⊗B TP/BP → SelP∞(B/J∞)→X(B/J∞)(P)→ 0,
where X(B/J∞) denotes the Tate-Shafarevich group of B/J∞, and X(B/J∞)(P) is its P-primary
subgroup. There is also an entirely analogous sequence for SelP∗∞(B/J
∗
∞). The following two remarks
are valid for all primes q ≡ 7 mod 8. We fix an algebraic closure Q of Q, and all of our relevant fields
will be assumed to lie in it. Firstly, if M is any algebraic extension of K, B(M)⊗Z Q is a vector space
over the field T . Since [T : Q] = 2h, it follows that the Q-dimension of B(M)⊗Z Q, if it is finite, must
be a multiple of 2h. Secondly, let σ be any element of Hom(J∞,Q) such that then restriction of σ to
K is the non-trivial element of Gal(K/Q). Now σ(J) = J because J is Galois over Q, and thus σ(J∞)
will be a Z2-extension of J , which is unramified outside σ(p) = p
∗. Hence σ(J∞) = J
∗
∞. Moreover, as
the Gross curve A is defined over the field Q(j(OK)), the abelian variety B is actually defined over Q.
Hence applying σ gives an isomorphism B(J∞) ∼= B(J∗∞). Thus Theorem 4.1 has the following entirely
equivalent formulation.
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Theorem 4.2. Assume q ≡ 7 mod 16. Then precisely one of the two following options is valid:- (i) both
B(J∞)⊗Z Q and B(J∗∞) ⊗Z Q have Q-dimension 2h, and X(B/J∞)(P) = X(B/J∗∞)(P∗) = 0, or (ii)
B(J∞)⊗Z Q = B(J∗∞)⊗Z Q = 0, and both X(B/J∞)(P) and X(B/J∗∞)(P∗) are isomorphic to Q2/Z2
as abelian groups.
We next explain how we can strengthen this result a little by a purely arithmetic argument, and prove
Theorem 1.2. As a first step, we note the following lemma (cf. Proposition 3.10 of [4]). Note that
[J∞ : D∞] = 2, and this extension is ramified precisely at the finite set of primes of D∞ lying above the
rational prime q. In fact, for the primes q ≡ 7 mod 16 there are precisely two primes of D∞ lying above
q, because q =
√−qOK is inert in K∞/K by Lemma 3.3 of [4], and therefore the unique prime of K1
above q must split in the extension K1(
√−1)/K1.
Lemma 4.3. For all primes q ≡ 7 mod 16, the Galois group D = Gal(J∞/D∞) acts trivially on
SelP∞(B/J∞).
Proof. Note first that BP∞ is not contained in D∞ since the rational prime q has ramification index 4
in the field J∞. Thus the non-trivial element d of D must act on BP∞ by −1. Hence, if f belongs to
Hom(X(J∞), BP∞), we have (df)(x) = −f(dx), whence it follows that
(4.8) SelP∞(B/J∞)
D = Hom(X(J∞)/(1 + d)X(J∞), BP∞).
But (1 + d)X(J∞) ⊂ X(J∞)D, and we claim that X(J∞)D = 0. Indeed, X(J∞)D is finite for all primes
q ≡ 7 mod 16 because there are just 2 primes of D∞ which ramify in J∞ and X(D∞) = 0 by Proposition
2.2. Hence, using the fact that X(J∞) = Z2, it follows that X(J∞)
D = 0, and the proof is complete. 
Theorem 1.2 will now follow immediately from Theorem 4.2 and the following result. Let
(4.9) θ∞ : SelP∞(B/D∞)→ SelP∞(B/J∞)D = SelP∞(B/J∞)
be the restriction map.
Proposition 4.4. The map θ∞ is an isomorphism.
Proof. We have the commutative diagram with exact rows
0 // SelP∞(B/D∞)
θ∞

// H1(D∞, BP∞)
t∞

//
∏
vH
1(D∞,v, B)(P)
m∞

0 // SelP∞(B/J∞)
D // H1(J∞, BP∞)
D //
(∏
wH
1(J∞,w, B)(P)
)D
.
Now d must act on BP∞ like −1 because BP2 does not belong to B(D∞). Thus d+1 annihilates BP∞ ,
and (d − 1)BP∞ = BP∞ , whence Ker(t∞) = H1(D, BP∞) = 0, and so, by the snake lemma applied to
the above diagram, we conclude that θ∞ is injective. Moreover, H
2(D, BP∞) = (BP∞)
D = BP, and
so Coker(t∞) is of order dividing 2, because it is a subgroup of H
2(D, BP∞). Next we note that, for
each place v of D∞ which does not lie above q, B has good reduction at v, and v is unramified in the
extension J∞/D∞, whence H
1(Gal(J∞,w/D∞,v), B(J∞,w)) = 0 by a fundamental property of abelian
varieties over local fields. Thus
(4.10) Ker(m∞) =
∏
w|q
H1(D, B(J∞,w))(P
∞);
here w runs over the two primes of J∞ lying above q, which are, in fact, totally ramified in the extension
J∞/D∞. In particular, Ker(m∞) is annihilated by 2, and it then follows from the snake lemma applied
to the above diagram that the cokernel of θ∞ is annihilated by 8, whence it must be zero because
SelP∞(B/J∞) = Q2/Z2. This completes the proof. 
Up until now, all the results of this paper have been proven by classical arithmetic arguments based
only on class field theory and Iwasawa theory. However, we see no way at present of ruling out the
possibility that B(D∞)⊗ZQ = 0 in Theorem 1.2 without using the complex L-series attached to B and
Heegner points, inspired, of course, by the conjecture of Birch and Swinnerton-Dyer. Let IK be the idele
group of K, and let
φ : IK → T ×
be the Serre-Tate character attached to B/K (see [23], Theorem 10). Let T + denote the maximal real
subfield of T , so that T + has h distinct embeddings into the field R of real numbers. Then each of these
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h embeddings gives rise to a complex Grossencharacter φj of K, and the theory of complex multiplication
shows that
L(B/K, s) =
h∏
j=1
L(φj , s)
2,
where L(φj , s) denotes the Hecke L-function of φj . By a theorem of Rohrlich [22], L(B/K, 1) 6= 0 for all
primes q ≡ 7 mod 8. Let χ be the quadratic character of K corresponding to the quadratic extension
D/K, and write L(φjχ, s) for the twist of L(φj , s) by χ. By a root number calculation, it is shown in
[11], Theorem 19.1.1, that L(φjχ, s) has a zero at s = 1 of odd multiplicity for j = 1, . . . , h.
Theorem 4.5. For all primes q ≡ 7 mod 8, L(φjχ, s) has a simple zero at s = 1 for j = 1, ..., h,.
In fact, this is a slightly stronger form of a special case of Theorem 2.2 of [21], which asserts that, when
K = Q(
√−q), L(φjχ, s) will have a simple zero at s = 1 for all sufficiently large primes q ≡ 7 mod 8.
Since
L(B/D, s) =
h∏
j=1
L(φjχ, s)
2L(B/K, s),
Theorem 1.3 then follows from Theorem 4.5 and the deep work of Gross-Zagier [12] and Kolyvagin-
Logachev [17] applied to the twist of B/K by the quadratic character of the extension D/K.
We now sketch the proof of Theorem 4.5. As we follow closely the proof given in [21], we shall largely
just explain those details needed to check that the arguments in [21] do indeed remain valid for all
primes q ≡ 7 mod 8. For brevity, put ψj = φjχ, so that ψj is a Grossencharacter of K with conductor
4q, where, as always, q =
√−qOK , and we know by [11], Theorem 19.1.1 that L(ψj , s) has a zero of odd
multiplicity at s = 1 for all j ∈ {1, . . . , h}. Moreover, it is known that the set {ψ1, ..., ψh} coincides with
the set {ψω}, where we have fixed one embedding of T in C, and written ψ = ψ1 for the corresponding
Grossencharacter, and ω then runs over the set of all complex characters of the ideal class group of K.
For each ideal class C of K, we define the partial L-series L(ψ,C, s) =
∑
a∈C ψ(a)(Na)
−s, where the
sum is taken over all integral ideals in C, which are prime to 4q. Thus, for every complex character ω
of the ideal class group of K, we have L(ψω, s) =
∑
C ω(C)L(ψ,C, s), where the sum is taken over all
ideals classes C of K. Now the Gross-Zagier formula (see [12], Corollary 1.3) shows that L(ψ, s) will
have a simple zero at s = 1 if and only if L(ψj , s) has a simple zero at s = 1 for all j ∈ {1, . . . , h}, or
equivalently L(ψω, s) has a simple zero at s = 1 for all complex characters ω of the ideal class group of
K. But, for every ideal class C of K, we have the identity
(4.11) hL′(ψ,C, s) =
∑
ω
ω(C)L′(ψω, s),
where the sum is taken over all characters ω of the ideal class group of K. Thus, if the partial L-series
L(ψ,C, s) has a simple zero at s = 1 for some ideal class C of K, it follows from this identity and the
Gross-Zagier formula that L(ψω, s) will have a simple zero at s = 1 for all characters ω of the ideal class
group of K. We now proceed to show by analytic arguments that, in particular, L(ψ,C, S) has a simple
zero at s = 1, where C denotes the class of principal ideals of K.
For every β ∈ OK , with (β, 4q) = 1, we have ψ(βOK) = ǫ(β)β, where ǫ is a quadratic character of
(OK/4q)×. Put Λ(ψ,C, s) = (W/2π)sΓ(s)L(ψ,C, s), where Γ(s) denotes the classical Γ-function, and
W = 4q. Define f(z) = z−1
´∞
z
e−tt−1dt for any strictly positive real number z. By formula (2.11) of
[21], which the authors attribute to Rohrlich, we have
(4.12) 2−1Λ′(ψ,C, 1) = U + V,
where
(4.13) U =
∑
n≥1,(n,W )=1
ǫ(n)nf(2πn2/W ),
and
(4.14) V =
∑
n≥1,(n,W )=1
anf(2πn/W ), an = 2
∑
x,y
ǫ(x+ y
√−q)x ;
here the second sum is taken over all strictly positive integers x and y such that x2 + qy2 = n. Thus to
complete the proof of Theorem 4.5, we must show that U > |V | for all primes q ≡ 7 mod 8.
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It follows from Proposition 3.1 and Corollary 3.4 of [21] that
(4.15) U > W (0.5235− 0.8458W−1/4 − 0.3951W−1/2).
But W = 4q ≥ 28, so that, substituting this lower bound for W in the two negative fractional powers of
W in (4.15), we immediately obtain
(4.16) U > 0.08107226W.
On the other hand, we have
(4.17) |V | ≤
∑
x,y
2xf(π(x2 + qy2)/(2q)),
where the sum on the right is now taken over all strictly positive integers x and y. Note however that
f(z) < z−2e−z for all strictly positive real numbers z, whence
(4.18) |V | ≤
∑
x,y
2xe−
pix2
2q e−
piy2
2 (π/2(x2 + y2/q))−2 <
8
π2
(
∞∑
x=1
xe−
pix2
2q )(
∞∑
y=1
y−4e−
piy2
2 ).
where again the first sum is over all strictly positive integers x and y. By Lemma 4.2 of [21], we have∑∞
x=1 xe
−pix
2
2q < q/π, and by a direct numerical calculation one has
∑∞
y=1 y
−4e−
piy2
2 < 0.2080. Thus we
obtain
(4.19) |V | < 2
π3
0.2080W = 0.01341663832W < U.
This completes the proof.
Appendix A.
Unlike the earlier part of this paper, p will now denote an arbitrary prime number throughout this
Appendix. Also K will now denote either the rational field Q, or an arbitrary imaginary quadratic field.
Let p be a prime ofK such that the completionKp is Qp. We write F now for an arbitrary finite extension
of K. However, if K = Q, we shall always assume in addition that F is totally real. By class field theory,
K admits a unique Zp-extension which is unramified outside p, and we denote this Zp-extension by K∞.
Let Kn be its n-th layer. Write S for the set of primes of F lying above p. Let M be the maximal
abelian p-extension of F , which is unramified outside S . The following classical formula is due to the
first author [3] when K = Q, and the first author and Wiles [5] when K is imaginary quadratic. Let Rp
be the p-adic regulator of F , whose definition is recalled below (A.2). Let F∞ = FK∞.
Theorem A.1. With notation as above, the degree [M : F∞] is finite if and only if the p-adic regulator
Rp of F is non-zero. If Rp 6= 0, then
(A.1) [M : F∞] =
2pe−f+1RphF
ωF
√
∆p
∏
g∈S
(1 − (Ng)−1), up to multiplication by a p-adic unit.
Here hF is the class number of F , ωF is the number of roots of unity in F , ∆p ∈ OKp is a generator
of the p-component ideal of the relative discriminant of F/K, and N(g) is the absolute norm of an ideal
g of F . Moreover, the integers e and f are defined by F ∩K∞ = Ke and H ∩K∞ = Kf , respectively,
where H denotes the Hilbert class field of K (thus f = 0 when K = Q).
This formula is stated and proved in [3] and [5] under the assumptions that the prime p is odd, and that
p does not divide the class number of K. However, it is often precisely these cases which are needed for
certain applications of the formula, as, for example, in the present paper. Thus the aim of this appendix
is to show that, after some very slight modifications, the arguments given in the two original papers work
in complete generality, and give a proof of Theorem A.1. All the notation we used in this appendix is
compatible with [5].
Let d = [F : K]. We first recall the definition of the p-adic regulator Rp. Let ε1, · · · , εd−1 be a basis
of the group E of global units of F modulo torsion, and put εd = 1 + p. Let Kp be a fixed algebraic
closure of Kp(= Qp). Denote by φ1, · · · , φd the distinct embeddings of F into Kp. Let log denote the
usual extension of the p-adic logarithmic function to Kp. The p-adic regulator Rp is then defined to be
the d× d determinant
(A.2) Rp = (d log εd)
−1 det(log(φi(εj)))1≤i,j≤d.
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In fact, since
∑d
i=1 log(φi(εj)) = 0 for j = 1, · · · , d−1, it is not difficult to see thatRp = det(log(φi(εj)))1≤i,j≤d−1.
Let V = 1 + pZp be the group of principal units of Kp, and define V¯ = V {±1}/{±1}. Note that the
p-adic logarithm defines an isomorphism V¯ ∼= Zp for all primes p. Our arguments will hinge on the
following elementary facts. Firstly, we have that log(εd) = log(1+p) = 2p, up to a p-adic unit. Secondly,
for an integer n = pum with p ∤ m, the image of the closure 〈(1 + p)n〉 ⊂ V under the map V → V¯ has
index pu in V¯ .
Since K is either Q or an arbitrary imaginary quadratic field, we can now only assert that there will
be only finitely many primes of K∞ lying above p. We fix such one prime p˜ of K∞ lying above p. Let
Ψn be the completion of Kn at the unique prime below p˜. Let Ψ∞ = ∪nΨn, so that Gal(Ψ∞/Ψ0) ∼= Zp.
Now our hypothesis H ∩ K∞ = Kf clearly implies that Ψ∞/Ψf is totally ramified. Let Vn denote the
group of principal units of Ψn which are ≡ 1 modulo the maximal ideal. Thus V0 = V . Let Nn denote
the norm map from Vn to V , and define N¯n to be the composite map
N¯n : Vn
Nn−−→ V → V¯ .
Of course, N¯n = Nn for p > 2.
Lemma A.2. For each n ≥ f , we have N¯n(Vn) = V¯ pn−f .
Proof. Recall that the inertial subgroup of p in the extension K∞/K is Gal(K∞/Kf). It follows then
from local class field theory that, assuming n ≥ f , the Artin map induces two isomorphisms
V/
⋂
n≥f
Nn(Vn) ∼= G(Ψ∞/Ψf) and V/Nn(Vn) ∼= G(Ψn/Ψf ).
Since G(Ψ∞/Ψf) ∼= Zp, it follows that we must have −1 ∈
⋂
n≥f Nn(Vn), whence
V¯ /N¯n(Vn) ∼= V/Nn(Vn) ∼= Z/pn−fZ, (n ≥ f).
But the group V¯ is isomorphic to Zp, and so N¯n(Vn), being a closed subgroup of index p
n−f , must be
equal to V¯ p
n−f
, and the proof of the lemma is complete. 
Define U1 =
∏
g∈S Ug,1, where Ug,1 denotes the local units ≡ 1 mod g in the completion of F at g,
and let NF/K be the norm map from U1 to V . Define N¯F/K to be the composite map
N¯F/K : U1
NF/K−−−−→ V → V¯ .
The following two lemmas describe the kernel and image of N¯F/K . For each n ≥ 0, let Fn be the n-th
layer of the Zp-extension F∞/F , and let Cn be the idele class group of Fn. Put
(A.3) Y = ∩n≥0NFn/FCn.
Lemma A.3. Y ∩ U1 is the kernel of N¯F/K .
Proof. This is equivalent to showing that Y ∩ U1 is the inverse image of ±1 under the map NF/K . By
Lemma A.2,
⋂
nNn(Vn) = {±1} for p = 2 whence
⋂
N¯n(Vn) = 1. Granted this, the rest of the proof is
exactly the same as that given in [5, Lemma 5], and we omit the details. 
Lemma A.4. Let L be the p-Hilbert class field of F and let the integer k be defined by L ∩ F∞ = Fk.
Then N¯F/K(U1) = V¯
pe+k−f .
Proof. The proof is essentially the same as the one of [5, Lemma 6]. Firstly, one needs to replace NF/K
and Nn there by N¯F/K and N¯n, respectively. Clearly, k + e − f ≥ 0. By Lemma A.3, N¯k+e(Vk+e) =
V¯ p
k+e−f
. Thus one also needs to replace the integer e in [5] by e − f , and t by t+ f consequently. The
rest of the argument is the same as in [5, Lemma 6]. 
Let E1 be the group of global units of F , which are ≡ 1 mod g for each g ∈ S . Let j : F →
∏
g∈S Fg
be the canonical embedding. Define D to be the Zp-submodule of U1 which is generated by j(E1) and
j(εd).
Lemma A.5. The index of D in U1 is finite if and only if Rp 6= 0. If Rp 6= 0, then
[U1 : D] =
2pd
ωF
√
∆p
∏
g∈S
(1− (Ng)−1) up to a p-adic unit.
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Proof. This is proven in [5, Lemma 7,8 and 9]. The proof there applies to our case without change, but
we remind the reader that, when p = 2, log(εd) = log(3) = 2p, up to a 2-adic unit. This gives the extra
factor 2 in Lemma A.5 when comparing with [5, Lemma 9]. 
We now come to the crucial lemma. If p > 2, we clearly have NF/K(j(E1)) = {1}, since NF/K(j(E1))
is contained in 1 + pZp. If p = 2, then the unit group of K is {±1}, since 2 does not split in Q(i) or
Q(
√−3). Thus NF/K(j(E1)) ⊂ {±1}. In other words, j(E1) is contained in the kernel of the map N¯F/K .
Thus Lemma A.3 shows that j(E1) is contained in Y ∩ U1.
Lemma A.6. Let the integer k be as in Lemma A.4. The index of j(E1) in Y ∩ U1 is finite if and only
if Rp 6= 0. If Rp 6= 0, then
[Y ∩ U1 : j(E1)] = 2p
e+k−f+1Rp
ωF
√
∆p
∏
g∈S
(1− (Ng)−1) up to a p-adic unit.
Proof. We have the commutative diagram with exact rows
0 Y ∩ U1 U1 V¯ pe+k−f 0
0 j(E1) D V¯ d 0
N¯F/K
N¯F/K
The exactness of the first row follows from Lemma A.3 and Lemma A.4. Note that N¯F/K(D) is the
closure of the image of 〈(1 + p)d〉 in V¯ , which coincides with V¯ d. Since V¯ ∼= Zp, we have that [V¯ pe+k−f :
V¯ d] = d/pe+k−f , up to a p-adic unit. Thus Lemma A.6 follows from Lemma A.5. 
Proof of Theorem A.1. As in [5, Theorem 11], noting that we have already shown that j(E1) is contained
in Y ∩ U1, it is a standard consequence of global class field theory that
(Y ∩ U1)/j(E1) ∼= G(M/LF∞),
where, as in Lemma A.4, L is the p-Hilbert class field of F . It follows that
[M : F∞] = [M : LF∞][LF∞ : F∞] = [Y ∩ U1 : j(E1)]hF /pk up to a p-adic unit.
The last equality follows from [LF∞ : F∞] = [L : L ∩ F∞] and the definition of k given in Lemma A.4.
Now, Theorem A.1 follows from Lemma A.6. 
We end with the following remark. Let F be a totally real number field of degree d. The reason
for proving Theorem A.1 in 1974 was that it provided the first general evidence that Iwasawa’s then
revolutionary discovery of his p-adic ”main conjecture” for totally real F lying inside the field generated
by all p-power roots of unity might hold in complete generality for the cyclotomic Zp-extension of all
totally real number fields F . The deep subsequent work of Mazur-Wiles and Wiles has happily shown
this to be true for all totally real F and all odd primes p. However, the situation for the prime p = 2 still
has not been completely settled, and we want to just point out that, even in this special case, Theorem
A.1 is in perfect accord with the ”main conjecture” which we believe to be true. Let M be the maximal
abelian p-extension of F , which is unramified outside p and the infinite primes of F . Let F∞ be the
cyclotomic Zp-extension of F . Let IF be the ide`le group of F . It follows from class field theory that we
have the following commutative diagram; all the maps are clearly surjective and the kernels of the maps
on the rows are finite groups of order prime to p:
IF /F×
∏
v∤p∞
Uv
∏
v|∞
R>0 Gal(M/F )
IF /F×
∏
v∤p∞
Uv
∏
v|∞
R× Gal(M/F ).
Lemma A.7. The kernel of the vertical map on the left is isomorphic to (R×/R>0)
d.
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Proof. Note that
∏
v|∞R
× naturally maps onto this kernel. Thus, the assertion will directly follow from
the following identity in IF :
(A.4)

∏
v|∞
R×

⋂

F× ∏
v∤p∞
Uv
∏
v|∞
R>0

 = ∏
v|∞
R>0.
To see this identity, note that by definition an element (av)v of
∏
v|∞R
× ⊂ IK has component 1 at every
finite place. Let y be an element in the second group of (A.4). Then y is a limit of x(n) · b(n) where
x(n) ∈ F× and b(n) = (b(n)v )v ∈
∏
v∤p∞
∏
v|∞R>0 for each n. But note that b
(n)
v = 1 if v | p. This forces
x(n) = 1 for each n whence b
(n)
v > 0 for v | ∞ and n is large. This proves (A.4), completing the proof of
the lemma. 
Thus, thanks to this lemma, we obtain the following result from Theorem A.1.
Theorem A.8. Let F be a totally real number field of degree d. Let F∞ be the cyclotomic Zp-extension
of F , and let M be the maximal abelian p-extension of F which is unramified outside p and the infinite
primes. Let e and hF as defined in Theorem A.1. Let ∆ be the discriminant of F . Assuming the p-adic
regulator Rp of F is nonzero, we have
[M : F∞] =
2dpe+1RphF√
∆
∏
v|p
(1− (Nv)−1) , up to a p-adic unit.
Let ζF,p(s) be the p-adic zeta function of F , constructed by P. Cassoun-Nogues and P. Deligne and
K. Ribet. Assuming that Rp 6= 0, Colmez [6] proved that the residue of ζF,p at s = 1 is
2d−1RphF√
∆
∏
v|p
(1 − (Nv)−1).
We end by pointing out that Colmez’s formula and Theorem A.8 are in perfect accord for all primes p,
including p = 2, via the following ”main conjecture” of Iwasawa theory. Let M∞ be the maximal abelian
p-extension of F∞ which is unramified outside p and the infinite primes, and put X∞ = Gal(M∞/F∞).
Let Γ = Gal(F∞/F ), and let Λ(Γ) be the Iwasawa algebra of Γ. Now, fixing a topological generator
γ of Γ, we can identify Λ(Γ) with the ring of formal power series Zp[[T ]] by mapping γ to 1 + T . Let
κ : Γ → Z×p be the cyclotomic character of Γ, and put u = κ(γ). Thus, by the very definition of the
cyclotomic character, we have u − 1 is equal to 2pe+1 up to a p-adic unit. Now Iwasawa [15] has shown
that X∞ is a finitely generated torsion Λ(Γ)-module with no non-zero finite Λ(Γ)-submodule. Thus, by
the structure theory of such modules, we can associate to X∞ a characteristic power series fX∞(T ) in
Zp[[T ]]. Moreover, (X∞)Γ = Gal(M/F∞). It then follows from the Euler characteristic formula that,
assuming Rp 6= 0, we have
(A.5) [M : F∞] = fX∞(0), up to a p-adic unit.
Now the ”main conjecture” for X∞ asserts that, for a suitable choice of the characteristic power series
fX∞(T ), we have
(A.6) ζF,p(s) = fX∞(u
s−1 − 1)/(us − u),
where, as above, ζF,p(s) is the p-adic zeta function of F . Also
(A.7) us−1 − 1 = (s− 1) log(u) + higher powers of (s− 1),
and log(u) = 2pe+1, up to a p-adic unit. If we now combine Theorem A.8 with (A.5), (A.6), (A.7), we see
that, when Rp 6= 0, the ”main conjecture” does indeed predict Colmez’s residue formula up to a p-adic
unit for all primes p, as claimed above.
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